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Abstract

In this paper we presert noncausal,nonparametric, multiscale, Markov Random Field (MRF) models
for synthesising and recognisingtexture. The models have the ability to capture the characteristics of
a wide variety of textures, varying from the structured to the stochastic. For texture synthesis, we use
our own novel multiscale approach, incorporating local annealing, allowing us to uselarge neighbourhood
systemsto model some complex textures. The new multiscale texture synthesis algorithm also produces
synthetic textures with few phase discortinuities. The power of our modelling technique is evidert in
that only a small training image is required to synthesis represenativ e examplesof the training texture.
We also shov how the high dimensional model of the texture may be modelled with lower dimensional
statistics without over compromising the integrity of the represenation. We then showv how these models
can be used for the unsupervised texture segmeisation and recognition of images corntaining previously
unseentextures; a technique useful in the practical application of recognisingdi erent terrain typesfrom
Synthetic Aperture Radar (SAR) images.
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[. Intr oduction

N the image processingliterature, texture is usually de ned in terms of the spatial in-

teractions between pixel values. The aim of texture analysisis to capture the visual
characteristics of texture in an analytical form by mathematically modelling these spatial
interactions[26]. If thesespatial characteristicsare uniquely modelled, then di erent exam-
ples of textures from one source(population) can be assaiated analytically, and textures
from other sourcescan be discriminated against. This allows segmetation of animageinto
its varioustextural componers with ead componert beingclassi ed accordingto how well
it ts the mathematical model of a particular texture. Although this approad is theoreti-
cally plausible,in practice currert techniquesrequirethe number and type of texturesto be
a prior known. That is, they usea set of training texturesto formalisethe criteria by which
the texture modelsbecomeunique from ead other, but not necessarilyunique from other
textures not includedin the training set[12],[10],[7], [29]. Thesecorvertional modelsneed
only capture enoughtextural characteristicsto classifythe set of textures via discriminant
analysis[17]. This approad is adequateif the imageundergoingtexture segmetation and
classi cation is known to cortain only textures which were modelled.

If a texture is to be recognisedin a scenecortaining previously unseentextures, then
a new approad is required. The texture models needsto capture more than just the
characteristics required to distinguish it from other known textures { it needsto capture
all the unique characteristicsof that texture. When segmeting and classifyingan image,
the texture model could then be usedto determine the probability a segmeted area of
an image had the sameunique characteristics as the modelled texture without having to
measurethe probability against other possibletextures. This would solve the problem of
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previously unseentextures being presen in the image. Imagessusceptibleto this type of
texture recognition problem are the Syrthetic Aperture Radar (SAR) imagesof Earth's
terrain obtained via satellites or airborne reconnaissanceThesetypesof imagescortain a
myriad of textures. It would be unreasonabldo expect a convertional texture classi cation
sthemeto have previouslyidenti ed and modelledall the di erent typesof textures possibly
presein in sud images.

Unfortunately, with the presen knowledgeof texture, obtaining a model that capturesall
the unique characteristicsspeci ¢ to a particular texture is an open problem [20]. Texture
is not fully understood, and therefore, what constitutes the unique characteristics has not
beende ned. Howewer, a reasonableway to test whether a model has captured all the
unique characteristics is to use the same model to syrthesise texture and subjectively
judge the similarity of the synthetic texture to the original.

Convertional texture models, like the auto-models [2], autoregressie (AR) models[11],
moving average(MA) models[26], or combination of both (ARMA) models[31], have not
beenfound to provide a basisfor realistically syrnthesising natural textures [26]. However
recernt advancesin texture synthesishave producedmodelsthat are capableof syrnthesising
natural textures [8], textures that cortain both structural and statistical elemeis. These
modelsare basedon the stochastic modelling of various multi-resolution Iter responsed5],
[45], [28], [37], but they do not usethird or higher order statistics, and it is undetermined
whether the chosen lters are globally optimal for all textures. Julesz[30] suggestedhere
wastextural information in the higher order statistics, and Gagalovicz et al. [19]usedthird
order statistics to generatesomenatural textures. Popat and Picard [39] successfullyused
a high-order, causal,nonparametric, multiscale MRF model to synthesis somestructured
natural textures.

In this paper, we preseit a noncausal,nonparametric, multiscale, Markov Random Field
(MRF) model capable of syrnthesising both stochastic and structured textures. We use
a multiscale synthesis algorithm [24] in which we incorporate a novel pixel temperature
function for local annealing.

Although the synthesistest may indicate if a model hascapturedthe speci ¢ characteris-
tics of a texture, it doesnot determinewhether the model is suitable for segmetation and
classi cation. Using the samephilosoply asin [45], a texture model should maximise its
erntropy while retaining the unique characteristics of the texture. In terms of the nonpara-
metric MRF this is equivalent to reducingthe statistical order of the model while retaining
the integrity of the synthesisedtextures.

In this paper, we also presen a method for reducing the statistical order of the non-
parametric MRF model to a set of lower order statistical properties basedon the cliques
of the MRF. We shav that this reduced model still cortains the unique characteristics
requiredfor syrthesisingrepresetativ e texture, but dueto the lower order statistics is able
to perform better segmetation and classi cation. By adjusting the extert of statistical
reduction, the model can be optimised to capture the most unique characteristics while
retaining the integrity of the synthesisedtextures, thereby producing a model suitable for
unsupervisedrecognition (and hencelabelling) of matching segmets in an image.

Unsupervisedrecognition should not be confusedwith the term unsugervisel classi ca-
tion, used[32],[40]to descrilke the selectionof like-texturesin an imagewithout any prior
knowledgeof the number or typesof textures presen. Unsupervisedclassi cation can not
be usedto give anything but arbitrary labelsto segmets in a scene.

We have structured the paper soasto rst outline the fundamertials of Markov Random
Fields in sectionll. Then we move onto the nonparametric model, section|ll, which is
immediately followed by our improved nonparametricmodel that is basedon the cliquesof
the MRF, sectionlV. We then look at how we were ableto usea multiscale represemation
to synthesisevisually similar texture from a sourcetexture, sectionV, and how the models
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wereusedin the unsupervisedsegmetation and recognition of textured images,sectionVI.

Results are presened in sectionVII. Finally we discusshow these methods may be used
in a practical application, section VIII, and conclude with a summary and conclusion,
sectionIX.

Il. General Mark ov Random Field Model
To model a digital image as a MRF, consideread pixel in the image as a site s on a

the value xs. The site value xs is then contained in the statesppce = f0;1;2;:::;L 1g,
where L is the number of grey levels The con guration space for the set of variables
x = fXs;S2 Sgis givenby andis the setof all possibleimages,where = N,

Let bethe (joint) probability measureon with ( x) > 0; 8 x 2 . Besag[2, p 195]
proved that the joint distribution ( x) is uniquely determined by its Local Conditional
Probability Density Functions (LCPDF), s(XsjX;r 6 S).

The property of a MRF is that the LCPDF is only dependen on a subset of sites
fr 2 Ns Sg, whereNg is the set of sitesneighbouring s. The setNy is referredto asthe
neighlmurhood of s, and N = fN s S;s 2 Sg asthe neighlmurhood systemwhich is the
set of neighbourhoods on S. That is,

s(XsjXr;r 8 8) = P(XgjXr;r 2 Ng) S2S;x2 (2)

An imageis modelled by estimating the LCPDF with respect to a neighbourhood system
N.

The Hammersley-Cli ord theorem [27], also referred to as the MRF-Gibbs equivalene
theorem, and proved in [2], [20], [25], [36], givesform to the LCPDF P (xsjX;r 2 Ng) [22],
[20] such that the respective  de nes a valid joint distribution.

Given a neighbourhood systemN , acligueisasetC S sudthat s;r 2 C;s 6 r
impliess 2 N,. That is, all pairs of distinct sitesin a clique are neighbours. The single
site subsetis alsoa clique. The set of cliquesde ned on S with respectto N is denoted
by C. The local clique set for the site s2 S is denotedby G, = fC 2 C;s2 Cg. A stheme
for extracting the local clique setis given in [38]. A valid LCPDF is de ned with respect
the to cliguesC 2 G and the potential functions V¢ (x) de ned on ead clique [22], [20]:

()

. 1
P (XsjXr;r 2 Ng) = - &xp Ve(x) (2)
S C2Cs

wherethe local normalising constant Zs = P xe2 P(XsjXr;T 2 Ng).

The essetial ingredierts of the potential functions Vc(x) de ned on ead clique are:
Ve(x) = 0if C 62C, Ve (x) 2 <; and Ve (X) = V(X9 if xs = x%; 8 s2 C. V is normalised
if Vc(x) = 0 wheneer xs = 0 for any s 2 C, wherewe assume0O 2 , although any
other consistem value for x5 would do equally well. Normalised potentials ensureunique
represemation, but have no practical importance. For later reference,potential functions
which ful Il all of the above criteria will be labelled N -potertials.

The MRF-Gibbs equivalencetheorem implicitly requiresthe neighbourhood systemto
adhereto the criterion s 2 N, , r 2 Ngs. This in turn implies that the neighbourhoods
must be symmetrical for homogeneousMRFs. The symmetrical neighbourhood systems
usedin this paper are the sameasin [20], [22] for which the neighbourhood systemN °© =
fN 0;s2 Sgis de ned as

N°= r2S:0<js rj® o ; (3)

wherejs rj is the Euclidean distance betweentwo points s;r 2 S, and o is the order of
the neighbourhood system, (seeFig. 1).
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Fig. 1. Neighbourhoods and cliques: (a) The rst order neighbourhood o = 1 or nearest-neighlour
neighbourhood for the site s = ~ ®andr = ~ °2 Ng; (b) secondorder neighbourhood o = 2; (c) eighth
order neighbourhood o0 = 8. (d) local clique set for nearest-neighbour neighbourhood; (e) clique typesfor
nearest-neighbour neighbourhood; (f) additional clique typesfor second-ordereighbourhood.

A. A Representationfor N -Potential V

The following construction for the N -Potential is due to Grimmett [25], which rst
requiresthe Mobius inversiontheorem[41].

Theorem 1. Mebius inversiontheorem for arbitrary real functions F and G de ned on
the subsetsB and C of sorr)r(e nite setA:

X
F(A)= G(B) i GB)= ( 1® 9F(@C) 4)
B A C B
or, equivalertly, X X
F(A) = ( 1B CF(C); 5)
B AC B

wherejAj = number of sitesin set A. Moussouris[36] deweloped an elegan proof for this
construction.
Givenanimagex 2 andasetA S, denote
A _ £ A. . WA _  Xs; SZ2A
X" =1x$is28g xg = o7 oo (6)

For easeof notation, denotex ) = fX;;r 6 sg.
Then,any > 0is a Gibbs distribution with respectto N -potentials:

X . .
Ve(x)= (1) Cog ( x©%); c;c°2C @)
Cco C
Moreover from [20], for any elemen s 2 C,
X -
Ve(x)= ()% Slog ((x$jx); Cico2C 8)

co cC
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The re-expressiorfor the joint distribution ( x), asgiven by Geman[20] from equation
(7), can be similarly obtained for the LCPDF by the Mebius inversion of equation (8),
giving X X

logP (XsjX: ;T 2 Ng) = ( 1y Slog §(x$jxS): (9)
C2Cs o C:
s2Co

Moussourig[36]gave a further re-expressiorof the clique decompsition formulaeof ( x).

The equivalernt re-expressiorof the LCPDF clique decomposition from equation (9) is
Y

P(XsjXr;r 2 Ng) = s(XS [X(g)"%C; (10)
CCs
whereG = fC 2 C;s 2 Cg is the local clique set and
X .
Nec = ( 1% (% (11)
C C%Cs

I1l. Nonparametric MRF Model

The nonparametricMRF modelis basedon estimatingthe LCPDF from a multi-dimensional
histogram of the neighbourhood over a homogeneoudextured image. Each dimension of
the histogram represets a site from the neighbourhood of the LCPDF with onedimension
for the site itself. The total number of dimensionsis the statistical order of the model and
is equalto the neighbourhood sizeplus one. Although it would be informative to test larger
and larger neighbourhoods for modelling texture, thereis alimit to the sizeof which may be
successfullymodelled. Silverman [43, p 94] shaved that to maintain accuracyin a model,
the amount of sampledata needsto grow almost exponertially with the dimensionality of
the histogram. As we are dealing with a limited amourt of sampledata { appraximately
equalto the number of pixels in a sourcetexture image{ the accuracyof the model will
rapidly decreasesthe dimensionality of the histogram increases.In sud caseswhen the
sampledata is sparselydispersedover the multi-dimensional histogram domain, nonpara-
metric estimatesof the LCPDF tend to be morereliable than their parametric courterparts
if the underlying true distribution is unknown [43]. This is becausenonparametric estima-
tion only tries to model those areasof the multi-dimensional histogram that cortain the
data rather than trying to t a model over the whole of the histogram domain as with
parametric estimation [13], [42].

Density estimation is an attempt to discerna represemativ e probability density function
from the sampleddata. Howewer in using nonparametric estimation the LCPDF may no
longerde ne avalid joint distribution , but the underlying true shape of the distribution
will not be compromisedby trying to t the shape of an assumedparametric distribution
to the data.

The most commonnonparametricdensity estimator is the Parzen-windav estimator [43],
[17]. We chosea standard multi-dimensional Gaussiandensity function asthe kernel func-
tion for the Parzen-windav estimator. Given a sourceimagey 2  of a homogeneous
texture and a prede ned neighbourhood systemN de ned on a lattice Sy, the sampledata
Z, = [Yp:Yq: 92 Np]' is taken from all sitesp 2 S, for which N, S,. Denotethe variable
n asthe number of sampledata Z,, i.e., the number of sitesfp2 S;;N, S;g. Equate
d = jNj + 1 the number of elemens in the vector Z,, i.e., d equalsthe dimensionality of
the LCPDF. Finally the Parzen-windav estimator requiresa window parameterh. Thus
the estimated LCPDF, de ned with respect to the Parzen-windav density estimator [43],
[17],1s
P 1 T

pes, N, s, X0 32(Z Zp) (2 Zp)

1 H
Xs2 p2Sy;Np Sy exp 2h—2(Z Zp)T(Z Zp)

P(xsjxr;r 2 Ng) = P (12)
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wherez = [Xs; X, ;1 2 NgJ".

The window parameterh determinesthe amourt of smaothing appliedto the histogram.
The aim is to chooseh soasto obtain the best estimate of the LCPDF. If h is too small,
the LCPDF will not be generalenoughto model all textures subjectively judged similar
to the modelled texture. If h is too large, then the LCPDF will be too general,and some
detail assaiated with the texture may be lost. We chosethe window parameterh to be
the optimal window parameteras speci ed by Silverman[43, p 85].

4 1=(d+4)
h= n(2d + 1) ’ (13)
where ? isthe averagemarginal variance. In our case the marginal varianceis the samein
eat dimensionof the multi-dimensional histogram and, therefore, ? equalsthe variance
assaiated with the one-dimensionahistogram of the sourceimagey.

It was Moussouris[36] who suggestedhat the Markovian systemcould be simpli ed by
imposingstrongerconditionson the LCPDF. In the next sectionwe rede ne the MRF with
a strongerassumptionsoasto usethe cliquesof the MRF in estimating the LCPDF. This
will producea consiste LCPDF with a valid joint distribution , and lower the statistical
order of the model.

IV. Str ong Nonparametric MRF Model

Herewe presemn our newversionof the nonparametricmodel. It is still estimatedover the
sameneighbourhood, but the Parzen-windav estimation is performedover a set of smaller
domains. We estimatethe LCPDF asa function of its marginal distributions by assuming
that there is conditional independencebetween non-neiglbouring sites for any subset of
S. This is a much stronger assumptionthan made for a normal MRF which de nes a
site as being conditionally independen upon its non-neigtbouring sites given all of the
neighbouring sites. We shaw that this strong MRF model is equivalert to the Analysis-of-
variance (ANOVA) construction [18]. This equivalenceallows us to usethe theoremsfrom
the ANOVA construction to estimatethe LCPDF of the strong MRF model.

MRF condition

s(XsjXr;r 68 8) = P(XgjXr;r 2 Ng); 8s2S;x2 (14)
Strong MRF condition
s(XsjXr;r8s;r2A S)=P(XsjXr;r 2 AV Ng); 8s2S;x2 ;A S (15)

The strong MRF condition statesthat the LCPDF  (XsjX,;r 2 A S), for any subset
A S, isonly dependern on thosesitesfx,;r 2 A\ Ngg, regardlessof whether Ng  A.
This is cortrary to a standard MRF for which, whengiven only someof the pixelsfx;;r 2
Nsg, the conditional probability s(XsjX(s)) will, in general, be no longer conditionally
independen of thosesitesr 62N.

If an imagecan be modelledasa MRF, it doesnot necessarilyfollow that it can alsobe
modelled as a strong MRF. Howewer, a commonapproad to simplifying complex mathe-
matical problemsis to assumea degreeof independencevherenonemay exist. Wetherefore
assumean extra degreeof conditional independenceo simplify the MRF model asa strong
MRF model.

We denote Py (X) = P(Xs;s2 A), whereA  S. The probability Pa(x) is then the joint
probability for the domainA S

X
Pa(x) = (y;, A S (16)
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where x* is de ned asin equation (6). The null probability P. (x) is therefore de ned by
equation (16) asP. (x) = 1.

The strong MRF condition may be expressedn the form of the following idertity. Given
two sitess;t 2 S for which neither is a neighbour of the other, i.e., t 62Ns, s62N, then
from the strong MRF condition de ned by equation (15),

P(XsjXt; Xr;r 2 B) = P(XgjXr;r 2 B); a7
giving
Pg+s+t(X) _ Pg+s(X) .
Pg+t(X) Pg(x) '
whereB  S;s62B;t 62B. The notation B + s represets a set of sitesB plus the site s,

whereasB s is the sameset B excludingthe site s.
Forany A S;s2 A, denote

(18)

Pa(XsjX(s)) = Pa(X)=Pa s(X) = P(XsjX;r 2 A s); (19
Proposition 1: Given a neighbourhood systemN , the LCPDF of a strong MRF is
X X .
logP (Xs; X;;F 2 Ng) = ( 1)Ci Y logPco(X); (20)
C2Cs co0 c;
s2CO
or equivalertly,
X X .
logP (XsjXr;T 2 N) = (- 1)9 YlogPeo(xsiXs) (21)
C2Cs co0 ¢;
s2CO

which via the Moussouris[36] decompsition may be expressedn the form,

Y
P(Xs;XriT 2 Ng) = Pc(x)"e; (22)
C2Cs
and Y
P(XsjXr;r 2 Ng) = PC(ijX(s))nCSC; (23)
C2Cs
respectively, where X
Nec = (1) ( 1 (24)
C C%Cs

and C; C%are cliquesfrom the local clique setG = fC 2 C;s 2 Cg.

We provide two proofsfor Proposition 1. The rst method relieson the Mobiusinversion
formula (4), and follows Grimmett's [25] and Moussouris's[36] construction for the N -
potertial V, Appendix A. The secondproof is basedon the ANOVA construction [18] for
testing variable independencein a distribution, Appendix B. The proofs show that the
strong MRF model is equivalert to the ANOVA construction.

Even though equation (22) represets the generalcligue decomposition for P (Xs; X;;r 2
Ns), it is subject to condition (43). Bishop et al. [4] did not derive the generalformula
(22) for the ANOVA construction, but do de ne under what conditionsit may exist. Given
a setof cliquesover which the formula (22) is derived, Bishop et al. [4, p 76] outlined rules
for determining when formula (22) is valid.
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A. Estimation of the strong LCPDF

The strong LCPDF, P(Xsj%;r 2 Ny), isestimatedby rst calculating the setof marginal
probabilities f Pc(XsjX(s)); C 2 Gg and then combining them to obtain P (XsjX;r 2 Ng)
via equation (23). Each marginal probability Pc(XsjX(s)); C 2 G is estimatedin the same
way asthe nonparametric LCPDF (12). Howewer, in the caseof the marginal estimates,
equation (12) is calculated with respect to C rather than Ns. The set of samplevectors,
fZp,p2 S);Np  Sy0, isthereforemodied tofZ,;p2 S;;C  Syg. The dimensionality of
z ismodi ed to d = jCj, and the optimal window parameter, equation (13), is recalculated
foreathh C 2 C.

Equations (22) and (23) give the direct estimate for determining P(Xs; X;;r 2 Ng) and
P (XsjX;r 2 Ng) from its marginal probabilities, respectively. Howeer for the neighbour-
hood systemsde ned by equation (3), the existencerules[4, p 76] precludeequations(22)
and (23) for other than the nearest-neighour neighbourhood system N ! with pairwise
cliqgue decomposition. Alternativ ely, the iterative proportional tting technique [4, p 83]
and [18, p 37]is ableto be usedfor the evaluation of the strong MRF model for all neigh-
bourhood systemswith any clique decompsition. Howewer, regardlessof the number of
grey levels and which marginals are used, the minimum memory spacerequired to iter-
atively calculate the LCPDF is 2Nsi*1 oating point values. Our experimerts were run
on a massi\e parallel processormachine, the MasPar?. Although we obtained the neces-
sary increasein processingspeed,it was at the expenseof available memory Becauseof
this we found that we could not estimate the LCPDF for neighbourhoods larger than ten
sites. This mearn that the iterative proportional tting technique could only be usedfor
neighbourhood systemsN * and N 2.

Our variation on the direct estimate (22) is the simple estimate

Y
P(Xs;Xr; 1 2 Ng) = Pc(x): (25)

C2Cs;
C6 C%2Cs

The simple estimate can be calculated on the MasPar computer for large neighbourhood
systemswith various clique decompositions. The simple estimate is similar to the direct
estimate, except it only incorporates those marginal probabilities Pc(x) de ned on the
major cliquescortained in the local cliqgue set, fC 2 G;C 6 C°2 Gg, [38]. The clique
decompmsition summation (25) is performedover thosecliquescortained in the local clique
set which are not subsetsof other cliques cortained in the local clique set. Intuitiv ely,
the LCPDF will be more \p eaked" around the modes. For texture syrnthesis purposes,a
\p ealed” LCPDF meansthat the Gibbssampler [22] will behare more like the Iterative
conditional mades(ICM) algorithm [3].

V. Mul tiscale Texture Synthesis

Texture syrthesisis a meansof testing whether the LCPDF has captured the textural
characteristics required to model a particular texture. How speci ¢ the required texture
characteristicsneedto beis governedby the intendedapplication of the texture model. The
aim of our work was to dewelop a texture model suitable for unsupervisedtexture recogni-
tion, therefore,able to capture all textural characteristicsunique to a sourcetexture. We
proposethat if the modelis capableof syrnthesisingtexture that is visually indistinguishable
from the sourcetexture, then it hascaptured all the visual characteristicsof that texture.

There have been quite a few attempts at syrnthesising textures, but none of the con-
vertional techniques have produced a generalmodel for natural textures [26]. Howewer

'DEC mpp 12000with 16,384 processorseac with 64 kb of memory, which can yield speedsof up to 60 Giga
instructions per second
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new methods based on stochastic modelling of various multi-resolution lter responses
have producedimpressiw results [5], [45], [28], [37]. Alternativ ely Popat and Picard [39]
successfullyused a high order causal nonparametric multiscale MRF model to syrthesis
structured natural textures. In fact our approad is indicative of theirs, but where they
su ered from phasedisoontinuity we usedour method of local annealing to syrthesishighly
represemative examplesof natural textures.

We perform texture syrthesis via a multiscale syrthesis algorithm incorporating our
novel pixel temperature function. As part of the synthesis process,the pixel temperature
function actually reducesthe dimensionality of the multi-dimensional histogram which, in
turn, alleviatesthe problem assaiated with estimating the model in a high-dimensional
space.This meanswe are able to uselarge neighbourhood systemsto model texture.

We can syrthesisea texture from a MRF model by a method known as stochastic relax-
ation (SR) [14],[21],[22]. We start with animageand iterativ ely update pixelsin the image

the property,
nIlilrn P(x(n)jx(0)) = ( x) 8x2 : (26)

Two well-known SR algorithms are the Metropolis algorithm [35] and the Gibbs sam-
pler [22]. Besag[3] intro duceddeterministic relaxation algorithm calledthe Iterative condi-
tional modes(ICM) algorithm. Syrthesisby the Gibbs samplertendsto corvergea texture
de ned by the equilibrium condition (26), whereasfor the ICM algorithm, the syrthe-
sistends to a texture more conditional on the starting image x(0). Both algorithms are
adequatefor synthesisingtexture.

A. Multiscale Relaxation

A problem with the single scalerelaxation processis that global image characteristics
ewlve indirectly in the relaxation process[24], [44]. Global image characteristics are typ-
ically only propagatedacrossthe image lattice by local interactions and therefore ewolve
slowly, requiring long relaxation times to obtain equilibrium, asde ned by equation (26).
With multiscale relaxation (MR), we attempt to overcomethis problem by implemening
stochastic relaxation (SR) at various resolutions; rst at a low resolution and then at pro-
gressiely higher resolutions[24], [5], [34], [7], [1]. The information obtained from SR at
oneresolutionis usedto constrainthe SR at the next highestresolution. By this method,
global image characteristics that have beenresohed at a low resolution are infused into
the relaxation processat the higherresolutions. This helpsreducethe number of iterations
required to obtain equilibrium [44]. Multiscale relaxation also helps the ICM algorithm
convergeto an imagethat is closerto the global maximum of the joint distribution  [6],
[16].

The multiscale model may be descriked by a multigrid represetation of the image, as
shown in Fig. 2. The grid at level | = O represets the image at the original resolution,
whereead intersectionpoint = 'isasite s 2 S. The lower resolutions,or higher grid levels
| > 0, are decimatedversionsof the imageat level | = 0. This multigrid represetation is
alsousedby Popat and Picard [39].

Givenan N M image x, we de ne the rectangular lattice on which to represen this
imageat grid level | = 0 as

S=fs=(;j):0 Ii<N;0 j<Mg: (27)
The multigrid represetation of the image x is then the set of imagesx', for grid levels
| 0. The imagex' is de ned onthe lattice S' S, where

S'= s=(2i2)):0 i< N

5;0 j < = (28)
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Fig. 2. Grid organisation for MR via decimation.

The set of sites S' at level | represetts a decimation of the previous set of sites S' * at

the lower grid level I 1. On this multiscale lattice represetation, we needto rede ne
the neighbourhood systemfor ead grid level | 0. Therefore, we de ne neighbourhood
N/!; s2 S' with respectto ordero as

Negiiopy = r=@p292s:0<( p?*+( 9*> o: (29)

We usethe MR algorithm proposedby Gidas [24], which maintains the constrairnt im-
posedby the imagex'** through the ertire SR processat level | and successig levelsk < 1.
The constrairt is sud that, at any point through the SR processat level |, the imagex'*!
may still be obtained from x' by the multigrid represetation. As we have useddecimation
to obtain x'** from x', the MR constrairt is maintained at level | by not performing SR
on thosesitess 2 S'*!  S!| asde ned by equation (28).

To better incorporate the MR constrairt into the SR processwe introducea novel pixel
temperature function, which directly de nes how the MR constrairt is imposedon the SR
process.The pixel temperature function also producesan equilibrium state which may be
usedto determinewhenthe SR processcan be terminated at one level and started at the
next level. The multiscale relaxation algorithm incorporating our novel pixel temperature
function is also capableof syrthesisingtexture with minimal phasedisconinuities.

B. Pixel Temperature Function

The aim of our pixel temperature function is to de ne a degreeof \con dence” in a
pixel having the correct value. Ead pixel has its own temperature ts, represeting the
con dence assaiated with the pixel xs. The con denceis expressecasa value0 ts 1,
where 0 represets complete con dence, and 1 none at all. We have de ned the pixel
temperature function soasto relate to the globaltemperature function T usedin stochastic
annealing[22]. In fact, the function of our local pixel temperature may be regardedas an
implemenation of local annealing in the relaxation process.

In the MR algorithm, the con denceor temperature assaiated with ead pixel is usedto
modify the dimensionality of the LCPDF. This is donesothat the conditional dependence
of the LCPDF is strongeston those pixels with ts ! 0, and wealest for thosewith ts! 1.
The pixel temperature is incorporated into the LCPDF by modifying the form of (z  Z,)
in equation(12). Giventhat the estimate of the LCPDF is for animagex at the sites 2 S,
the vector z = [Xs; Xr;r 2 Ns]™. The sampledata Z, is from a sourceimagey de ned on
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the lattice S, whereZ, = [yp;¥;02 Np]' p2 S, and

(z Zp)) [Xs Ypi(Xe  Yr s+p)(d tr);r 2 NI (30)

where the pixel temperature t, is from the samesite as the pixel value x,;r 2 S for the
imagex.

Beforethe SR algorithm starts at level |, those pixels which wererelaxedat the previous
level, | + 1, are given a pixel temperaturets = 08 s2 S'*!, i.e., completecon dence. The
other pixels havetheir pixel temperaturesinitialised to ts = 18 s 625'*!, i.e., nocon dence.
After a pixel is relaxed, it hasits temperature updated. We relate pixel temperature to
pixel con dence, where pixel con dence is ass@iated with the probability that xs is the
correct pixel value for the site s. Full pixel con dence occurswhen xg is sampledfrom an
LCPDF at equilibrium, or whenthe LCPDF is completely conditional on its neighbouring
pixel values. This occurswhent, = 0; 8 r 2 Ns. The con dence assaiated with the pixel
value xs is then dependernt on the pixel temperaturest,;r 2 Ns. Therefore we use the
formula
1+ r2Ns tf

N
to de ne the update sdedule of the pixel temperature ts for ead time the pixel Xs is
updated.

Initially , only those sites that had their valuesrelaxed at the previous grid level are
usedin the LCPDF. Howewr, as the SR iterations progress,more sites gain a degreeof
con dence. Whents = 0; 8 s2 S', we can say the SR processhasreaded an equilibrium
state, indicating that the imagecanbe propagatedto the next lower grid level. The process
is then repeatedat the next grid level | 1 and soon until the nal grid level | = 0 has
undergoneconstrained SR.

ts= max O; (31)

C. Synthesisd Textures

We usedsourceimagesof size128 128pixelsto estimatethe LCPDF from which images
of size 256 256 were syrthesisedvia algorithm 1, Fig. 3. A subjective comparisonof
the sourceand resulting synthetic textures, Fig. 4, shav that the noncausalnonparametric
multiscale Markov random eld texture modelsform highly represetative modelsof natural
textures. This conrms that the characteristics of the sourcetexture have indeed been
captured by the models.

The resultsobtainedfor the strong MRF model, Figs. 4 (a.2) (b.2) and (c.2), suggesthat
thesetextures may be successfullynodelled with just third order statistics. Although the
plain nonparametric MRF model has produced better syrthesis results, the strong MRF
modelis morelikely to be the better model for the segmetation and recognitionof texture.
This is becausat useslower order statistics, thereby increasingits erntropy while retaining
the unique characteristics of the texture [45].

VI. Mul tiscale Unsuper vised Texture Recognition

MRF models have mainly been used for the supervised classi cation of texture, for
which a library of pre-modelled textures must exist in order for discriminant analysisto
be used.[10], [15], [23], [12], [9]. Howe\er, this approad would be cumbersomefor SAR
imagesof the Earth's terrain asthey cortain a myriad of di erent texture types,too many
to be able build a library of pre-madelled textures sud that discriminant analysismaybe
performedon an arbitrary image.

We present a new approad to this problem by using our multiscale nonparametricMRF
model to model just one sourcetexture from which we map the probability over an image
of a pixel being of that sourcetexture. We have shovn that our MRF model, assessety
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human vision, is ableto syrthesisehighly represenmativ e textures. On this basis,we believe
that the model capturessu cien t uniquetextural characteristicsto identify the probability
of any pixel in an image as being of the modelled texture, without the useof discriminarnt
analysis. This capacily permits segmetation and classi cation of imageswith unde ned
texture types,i.e., it permits unsupervisedtexture recognition.

For casesvhenx is not all of the onetexture, Gemanand Gra gne [23]classi ed small
areasof the image assumingthey were homogeneous.The classi cation was made on the
basisthat the product of the neighbourhood probabilities over the areaof concernresenbled
the joint probability for that area,i.e.,

Y
( Xr;r 2 Ws)' P(Xr;Xe;t 2 Ny); (32)

Nr Ws

where Ws is the window of sites, certred at s, which are to be usedfor the classi cation of
XS-

A. Probability measurement

We found the probability ( x;r 2 Ws) asde ned by equation (32) to be unwieldy. This
was becauseour nonparametricLCPDF tendedto give low probabilities for the neighbour-
hood con gurations in the classi cation window, which resultedin ( x;;r 2 W;) beingtoo
susceptibleto minor uctuations in theseneighbourhood probabilities. Instead, we used
the set of probabilities de ned by the LCPDF for the window Ws, and comparedthem
directly to the set of probabilities from the sourcetexture.

The probability P(x;;X;;t 2 N;) is calculated from equation (12) as

1 X 1 T .
W exp W(z Zp)'(z Zp) ; (33)
p2Sy;

Np Sy

P(Xr;X;t 2 Ny) =

wherez = [x,;X;t 2 N;]" and Z, are samplegakenfrom the sourcetexture y de ned onthe
setof sitesS,. Note, the pixel temperaturets; s 2 S is not used,and the LCPDF is not nor-
malised. For the strong nonparametricMRF model, we usethe simple estimate of equation
(25), whereeah P (X;;X¢;t 2 C) is calculatedin the sameway asP (X,;X¢;t 2 N;) in equa-
tion (33), but basedon the clique C rather than the neighbourhood N,. The setof cliques
is dependert on the neighbourhood sizeand maximum statistical order requested[38].

The samplesof the LCPDF, takenfrom the window Ws S, are the set of probabilities
fP(Xr;X;t 2 Ny); Ny Wyg. We comparethese samplesdirectly with the set of proba-
bilities obtainable from the sourcetexture y. For every site 2 Sy;Ny Sy in the source
texture, a vector z = [yq; yi; t 2 Ng]" maybe usedto calculate P (yq; yi;t 2 Ng) via equation
(33), whereagainthe samplevectorsZ, are from the sourcetexture y. Howeer, the proba-
bility P (yq; yi;t 2 Ng) is then biasedsincethe sampleZ, = z is includedin the estimation.
This bias is removed by excludingthat site p = q from the calculation of P (yq; yi;t 2 Ng).
The set of probabilities f P (yq; yi;t 2 Ng); Ng  Syg from the sourcetexture y is therefore
calculated using the modi ed formula,

1 X 1
POaivit2 No) = roo6 exp 55z Zp)'(z Zp) (34)
p2Sy o
Np Sy

Given the set of probabilities fP(X;;X¢;t 2 N;); N, Wsg from the window to be
classi ed, and the set of probabilities fP (yq; yi;t 2 Ng);q2 S;;Ng  Syg from the source
texture, we can now determine the recognition probability. The null hypothesisis that
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the distribution of probabilities from the window is the sameas the distribution from the
sourcetexture. We usethe nonparametric Kruskal-Wallis test [33] to test the hypothesis.

The Kruskal-Wallis test is the nonparametric version of the F test [33]. We use the
Kruskal-Wallis test to make inferencesabout treatment populations, acceptingor rejecting
the null hypothesisthat the populations come from the samedistribution, primarily by
comparing the means. The Kruskal-Wallis statistic K is calculatedin terms of the ranks
of the obsenations rather than their nominal values. Given ¢ populations, ead with n;
obsenations, and sum of ranks equalto T;, the Kruskal-Wallis statistic K is expressedas

K=_ 12 © T 3(nt + 1): 35
= nT(nT + 1)j:1 E ( T )1 ( )

wheren+ is the sum of the samplesizes.

The sampling distribution of K is appraximately chi-squaredwith ¢ 1 degreesof free-
dom. The acceptedpracticeis to reject the null hypothesisif K is greaterthan a particular
condence level . Our approad is to instead calculate the con dence assaiated with
acceptingthe null hypothesis. This con dence Py, for a particular window W, is

Pw, = P(k K); (36)

whereK is calculatedfrom equation (35) and k is chi-squared-distributedwith onedegree
of freedom. We usethis con dence Py, to plot our probability map.

The multiscale segmetation and recognition algorithm di ers from the multiscale syn-
thesis algorithm, Fig. 3, becausewe do not constrain the calculation of Py, for ead grid
level. Instead, we simply label the site s with the combined Kruskal-Wallis probabilities
Pw, obtainedfor ead grid level over ead site. Sincewe do not usethe Gidasconstrairt [24]
for segmetation and recognition we may usethe alternative multigrid represemation of
local averaging We expresghe labelling of the site s 2 S with the combined Kruskal-Wallis
probabilities,

o i ]
Pw = Py, = =5 285, (37)

s=( i )
(0]

VIl. Segmented and Classified Textures

To prove the performanceof our segmetation/recognition algorithm, Fig. 5, we tested it
on imagescortaining a mosaicof sub-imageswith similar grey levels (seeFig. 6(a) (b)). A
convertional application of a (rst order) histogram technique would not able to segmen
these. Also a mix of structured and stochastic sub imageswere chosento illustrate how
our non parametric technique is able to recogniseall typesof textures.

The results of the unsupervised segmetration/classi cation of Fig. 6(a), with respect
to the sourcetextures Figs. 6( .1) ( .2) and ( .3), are shovn as the probability maps
Figs. 6(a.1) (a.2) and (a.3), respectively. Fig. 6(b) was segmeted and classi ed with
respect to the sourcetextures Figs. 6( .4) ( .5) and ( .6), and the resulting probability
maps are Figs. 6(b.4) (b.5) and (b.6), respectively. The probability maps are grey scale
images,with white (grey level 255) represeting a probability of one,and black (grey level
0) represeting zeroprobability. Only onesourcetexture wasusedat any onetime to form
the probability maps.

The probability mapsof Fig. 6 shaw that with the appropriate texture modelit is possible
to segmeh and recognisewindows of texture with respect to just one sourcetexture and
without prior knowledge of the other types of textures in the image. For these maps we
usedthe strong MRF model with a3 3 neighbourhood and pairwise cliques,as this was
identi ed asbeing the optimal model for recognition, Table VI1. The mapsshow that the
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TABLE |
Per cent age err or for unsuper vised texture recognition of 100 Vistex Texture mosaics
= percent age area of false negatives + percent age area of false positives. Vistex
Texture mosaics cour tesy of Computer Vision Gr oup, Computer Science II1, University
Bonn; and Vision Texture Ar chive of the MIT Media Lab

| Quadtree Height | Squae Neightwurhaod Size | Clique Size | PercentageError |

24.04
15.67
23.70
25.54
14.69
21.45
19.45

) 1294 (
18.58
24.38
13.48
18.74
18.40
13.85
17.62
23.98
15.22
19.46
21.79
18.33
21.80
30.33
21.55
25.48
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segmeiation/recognition algorithm, Fig. 5, is ableto discriminate betweentextures similar
to the sourcetexture and thosethat are dissimilar.

VI11. Pra ctical Applica tion

The nal goalof this researb wasto producea method by which an operator may be able
to take a radar satellite image; segmeh a small portion from the image wherethe terrain
wasknown; usethis asthe sourceto atexture model; then with respectto the texture model,

nd whereother similar terrain typeslie within the image. Sud a method of unsupervised
segmeimation and unsupervisedrecognitionwould be ideal for terrain mapping of Syrthetic
Aperture Radar (SAR) images,asit doesnot require a completelibrary of textures asfor
discriminant analysis. With our method, any operator may choosewhich type of texture
they wish to model, without the needfor a pre-modelledversionexisting aspart of a library.
The nonparametricMRF model is suited to this type of approad asthere is no exhaustive
training required to match the model to the texture. Howewer, as the probability maps
are pre-normalised,best results maybe obtained if the userwas to iteratively update the
probability mapsfor ead sourcetexture used.

The practical application of segmeting and classifyinga SAR imageof Cultana, Fig. 7,
shows the two resultsif: 1) the operator chosea 64 64 patch of treesfrom the bottom
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left corner, Fig. 8; or 2) the operator chosea 64 64 patch of grassfrom the bottom right
corner, Fig. 9. Again we have usedthe samestrong MRF texture model as applied in the
unsupervisedsegmetation and recognition of the texture mosaicsFig. 6. In both caseshe
resulting probability mapshave beensuperimposedon top of the original SAR image. This
gives a clear indication of how the segmetation/recognition algorithm has performed.
The results shav the feasibility of sud an approad to unsupervised segmemation and
unsupervisedrecognition of texture for terrain mapping of SAR images.

IX. Summary and Conclusion

The nonparametric Markov random eld (MRF) model has been shavn to synthesis
represemative examplesof both structured and stochastic texture. With the multiscale
texture synthesisincorporating our novel pixel temperature function, we were able to use
this model to synthesiserealistic realisations of a sourcetexture with minimal phasedis-
cominuities. It was with this evidencethat we concludedthat the nonparametric MRF
model had captured all the unique characteristics speci ¢ to a particular texture. It was
consideredthat with sud a model it would be feasibleto recogniseother similar texture
from an imagecortaining multiple unknown textures. The model wasusedto classifythose
image segmets that had similar textural characteristicsto a sourcetexture, thereby per-
forming unsupervisedtexture recognition without prior knowledgeof other textures types
presen in the image. Sud a technique was consideredvaluableto the practical application
of terrain mapping of SAR images.

A secondnonparametric MRF model was proposed, one that was basedon the strong
MRF model of Moussouris[36]. This model was shavn to be equivalert to the ANOVA
construction[18], from which we wereableto derive the generalANOVA construction equa-
tion (22). The strong MRF model was also shovn to be able to syrthesiserepresetative
versionsof a sourcetexture. With this model we were able to limit the statistical order
required to uniquely represen a texture, thereby increasingthe ertropy of the LCPDF,
which in turn produceda better classi cation model for unsupervisedtexture recognition.

The advantage of this unsupervisedrecognition technique wasthat it required virtually
no training of the texture models, thereby allowing an end userto specify their own type of
texture to segmeh and classifyon an undeterminedimage. Also the resulting probability
mapsare pre-normalised,allowing the end userto iterativ ely improve the probability map
with further results from the unsupervisedrecognition of other sourcetextures. Although
the choice of the strong MRF model should be basedon the syrthesis results, the texture
syrthesis algorithm, Fig. 3, is computationally intensive. Howewer we found the strong
MRF model with a 3 3 square neighbourhood and secondorder cliques was a good
generalclassi cation model. As a secondorder model wasfound to be the most versatile,in
future work it might be worthwhile to changethe model usedin the unsupervisedtexture
recognition to another type of secondorder model, e.g., like those models basedon the
stochastic modelling of various multi-resolution lter responseg5], [45], [28], [37].

Appendix
I. Proof 1 of Proposition 1

This proof is basedon the Grimmett [25] and Moussouris[36] equivalenceproof for a
standard MRF and a Gibbs distribution. Following the layout presened by Geman[20],
we shav that for a strong MRF, is a Gibbs distribution with respect to the strong
N -potertial, X
Va(x) = ( 1)A BllogPg(x); 8x2 : (38)

B A
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Moreover, for any elemen s 2 A,

X o
Va(X) = ( 1YM BllogPg (XsjX(s)); 8% 2 : (39)

B A;s2B

This represeration is unique amongnormalisedpotertials.
1. is Gibbsw.r.t. V: Assumingequation (38) and using the Meobius inversion formula
(4), X

Pa(X) = exp Vg (X); (40)

B A

whereA is any subsetA S. This is the secondcondition imposedon the two functions
P and V. The rst condition is implied from equation (16) for which, given two subsetsA
andB of Ssudhthat B A S, then

X X X
logPs(x) = log Pa(y) = log exp  Ve(y)
yA2 yA2 cA
X 'R0 3
X X X
= Ve (x) + log expg Vc(y)é: (41)
C B yA2 ; C A
yB = xB C6B
Now, sinceequation (40) is a function de ned for all A S,
X
logPg (X) = Ve (X); (42)
C B
which implies equation (40) and (41) are true if the condition,
2 3
X X
expg Vc(y)é =1 8x2 ; (43)
ST

holdsforB A S.

2. V is normalisad: The potertial V, de ned by equation (38), is not normalisedin the
convertional manner. In the original proof for a standard MRF, the potertials were saidto
be normalisedif Va(x) = 0if x¢ = O for any s 2 A. For the potential de ned by equation
(38), this is not the case.Howe\er,

X
V.(x)= (1) BllogPg(x) = logP. (x) = log1l= O: (44)
B

Therefore,although the potertial V is not normalisedin the corvertionally manner, there
is a degreeof uniformity in the construction of the potential functions.
3.(38), (39): Foranys2 A,
X o X o
Va(x) = (1) BllogPg (x) + (1) BllogPg (x)

B )/%;SZB B A;s6B

( ) Bl(logPg(x) logPs s(x))
B 5%;325

( DM BliogPg (xsjx(s)): (45)

B A;s2B
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4.V is a strong N -potential: Giventhat x is de ned on a strong MRF with respectto N,
then V is a strong N -potential if Va(x) = 08 A 62C.
We chooseA 62C. Then 9s;t 2 A sud that t 62N, S62N;.

Va(X) ( 1yA BllogPg (x)

B Q X

( 1yA BilogPg (x) + (1Y) B*9logPg. 5(x)
B Q s t B A Sk

( 1)A)1 B*UogPg,(x) + (1)W1 B logPg 1 5.1 (X)
B A st B Ast

X
(1)l Bijog Pa ()P +5+(X)
Pe+s(X)Pg+t(X)

B A st

0; (46)

=+

from identity (18) for a strong MRF. Therefore,

X
logPa(x) = Ve (X): (47)

C A
cac

This meansthat for a strong MRF, the Gibbsdistribution  may be expressedvith respect
to N -potentials (38) or (39).
2

The rst part of Proposition 1, the probability decomposition of equation (20) is proved
by applying Mebiusinversionformula (5) to equation (38) over the set of sitesfs;r 2 N¢g:
X X ..
logP (Xs;X;;r 2 Ng) = (1) €% 1ogPco(X): (48)
CN s+sC0 C

As the probability decompsition is over the set of cliquesde ned on the sitesfs;r 2 Nsg,
any clique C° N is always cortained in a larger clique C;s 2 C for which C° C. It is
easyto prove that all the probabilities de ned on cliquesCPthat do not cortain the site s
are cancelledout in the probability decompmsition summation (48) giving
X X .
logP (xs; % ;r 2 Ng) = (1) €9 1ogPco(x): (49)
C2Cs co c;
s2CO

Howe\er, this is only true if the cliquesare not arbitrarily restricted to being of a certain
type (i.e., say only thosecliquesC 2 G for which jCj  3). Otherwise only equation (48)
is valid.
The probability decompsition of equation (21), is proved by applying the Meobiusinver-
sion formula (5) to equation (39) giving
X X .
logP (XsjXr;r 2 Ng) = ( 1)JC“ ¢ log Pco(XsjX(s)) (50)
C2Cs o C:
s2CO
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. Proof 2 of Proposition 1

This proof is basedon the ANOVA construction [18] for testing independencein a dis-
tribution. In ANOVA-type notation, the probability P(Xs;X;;r 2 Ng) is decompsedinto
the geneal log-linear model [18, p 29]:

X
logP (Xs; Xr; 1 2 Ns) = logPa(X) = Us (x): (51)
B A

We now make a slight changein notation to make the proceedingexpressionseasierto
comprehend. First, let Pa(X) = P(Xs;X;r 2 Ng), where A is specically de ned as
A = fs;r 2 Ngg, and then rede ne x to be on the smaller lattice A rather than S, sud
that -

X2 A ,where 5= A (52)

P
In the ANOVA log-linear model, . g Uc(x) represets the mean of the logarithmic
probabilities logPa(y); y 2 a for which yB = xB:

X X logP
Uc(X) = logPA(¥). (53)
c B v2 A J Al
yB =xB
Then, U. is the grand mean of the logarithmic probabilities:
X
Upy=  9Pa), (54)
y2 4 1Al

Note that the value of U. 6 V. from equation (44).
p From equation (53), it is apparert that Ug (x) represets the deviation from the mean
c g Uc(x) for thosey 2 A for which y® = xB. Therefore,

X
Ug (Xs;X(5)) = 0 8s2B: (55)

Xs2

Given that x is de ned on a strong MRF with respect to N, then U is a strong N -
potential if Ug(x) = 08 B 62C. For B 62C9s;t 2 B sud that t 62Ns, S 62N;.
X logPaly) X
oAl

Y2 A; c B

Uc (x)

Uz (X)

X X X X
- 1ogPa(y) Uc(x) U (x) + Ug (x)

v2 A ] Al CB s C Bt CB st
yB = xB
_ X logPay) X logPa(y)
y2 A I oAl Y2 A5 I al
yB=XB yB S=XB S
X logPay), X logPa(y)
o a0 A Y2 A Ial
yB t:XB t yB s t:XB s t
_ 1 X o Pa(Xs; Xt; Y(s:t)) Pa(y)

j Al v s Pa(Xs; ¥(5))Pa(Xt; Yiry)

yB st:XB s t
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i X |og P(XSJXt’y(s't))P(Xt’y(S,t))P(ysjy(s))P(y(s))
[y P (XsjY(s))P (Y(s)) P (YsiXt; Ysity) P (Xt Yisity)

Y2 a;
yB s t—yB st

=0 (56)

From equation(56), Ug (x) = 08 B 62Csince,for astrong MRF, P (XsjXt; Ys:ty) = P (Xs]Y(s))
and, similarly, P (ysjXt; Yst)) = P(YsjYs)) from the strong MRF idertity (18). Therefore,
for a strong MRF, the ANOVA log-linear model may be rewritten as
X
logP (Xs; Xr;r 2 Ng) = logPa = Uc (X): (57)
C A
c2C

The ANOVA log-linear model, like the strong MRF model, speci es the probability
Pa(x) as being constructed from potertials de ned on interacting subsetsC A; C 2 C.
Howewer, in the ANOVA log-linear model, the functions Uc(x) are not potertials, but
represem successi® deviations from the mean. The similarity of the two modelsis that
both build their estimateof the probability P (x) from information obtained from the same
interacting subsetsC A; C2 C.

Comparing equations(47) and (57), both the strong MRF model and the ANOVA log-
linear model restrict the construction of P, (Xx) over functions de ned on cliques. Howe\er,
the functions themseles are not the same. This is evidert when the Mebius inversion
formula (4) is applied to equation (53) to obtain

X -
Uc(x) =  ( 1yciics logPA(¥). (58)
coc Y2 a; I oAl
yc°=xc0

Recalling from equation (41) that for any set of functions U where equation (57) is true,
3

2
X X
logPg (x) = Uc(x) + log eng Uc (y)é : (59)

c B Y2 A

X
C A
yB=xB cé6B

Again, if condition (43) holds, and substituting equation (53) into (59),

X X logP
logPs(X) = Ug(x) = 10gPa ). (60)
c B y2 Al ] Al
yB =xB
Therefore equation (58) may be rewritten as
X -
Uc(X) = ( 1)C1 S ogPco(X): (61)

co c

Substituting equation (61) into (57), the ANOVA log-linear model forms the sameproba-

bility decompsition asfor a strong MRF:
X X .
logPa(X) = ( 1)C T logPgo(x): (62)
cC A:C0C
cac
Sinceequation (62) is equivalert to (48), the rest of the proof follows for equation (21) and
(20) as by the rst proof of Proposition 1.
2
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Algorithm  1: Nonparametric multiscale MRF texture synthesis

Input:

y  sourcetexture image

Ny M, sizeof sourceimagey

Ny My sizeof syrthetic imagex

o order of the neighbourhood system

Begin

1. De ne number of grid levelsM as,M 1+ log, (Min f Ny;My;Ny; My0).
2. De ne imagex asbeingon a set of sitesS asgiven by (27).

3. De ne the multigrid represetation of imagex asthe setof subsetof sitesS' S for

0 | < M asgivenby (28).

4. Similarly, de ne imagey as being on a set of sites, S, (27), with a multigrid repre-
seration asthe set of subsetof sitesS'y Sfor0 |< M asgivenby (28).

5. Initialise pixel temperaturests = 1, 8 s2 S:

6. ForI=M 1to0do

6.1. De ne neighbourhood N/ w.r.t. order o asgiven by (29).
6.2. While ts6 0; 8s2 S' do

T
6.2.1. choosea set of sites S;;.,q. = fs2 S;N!  Siq. = ;;ts> Og.

6.2.2. For all s2 S;jq4 in parallel do

6.2.2.1. Estimate the LCPDF for xs = ; 8 2 via (12), or (25) for the strong

LCPDF. In both cases(z Z,) is de ned by (30).

6.2.2.2. Choosenewxs by samplingits LCPDF, asin GibbsSampler, or choosethe mode
asin ICM.

6.2.2.3. Update t, via (31).
6.2.3. done

6.3. done

7. done

end

Fig. 3. Parallel implementation of our nonparametric multiscale MRF texture synthesis algorithm
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Algorithm  2: Nonparametric multiscale MRF texture segmentation/recognition

Input:

X  input image
sourcetexture image

« My  sizeof input imagex

y My sizeof sourceimagey
order of the neighbourhood system

W, classi cation window

begin

1. De ne number of grid levelsM as,M 1+ log, (Min f Ny;My;Ny; My0).

2. De ne probability map x- and imagex as being on a set of sites S as given by (27).

3. Dene the multigrid represemation of the image, x, as the set of im-
ages, x' = xy= (Xyg + Xodg * Xoiger + Xoishge)4S= (5j) 28", where
S'= s=(i;j):0 i<N=2:0 j<M=2 ,for0 I<M.

czZzz<<

4. Similarly, de ne the multigrid represetation of the image,y, asthe set of images,y'
on the sites S'y for grid levelsO | < M.

De ne neighbourhood N w.r.t. order o via (3).

Initialise probability mapto x- = fxt = 1;s2 Sg.

ForI=M 1toOdo

.1. Obtain the set of LCPDF samplesfP'(y;;yi;t 2 Ng);Ng  S)g from the source
imagey' via (34).

NN O

7.2. For all s2 S'in parallel do

7.2.1. Calculate P'(xL; xl;r 2 N§) via (33).

7.2.2. Calculate the Kruskal-Wallis Probability P\'Ns from (36) via (35).

7.2.3. Correct edgeand boundary e ects by equating Py, = max.ow, Py, ; W, S
7.2.4. Label all x- = xr:Py,_, for which r = (p;0) 2 S; s = (p=2'; ¢=2)).

7.3. done

8. done

end

Fig. 5. Parallel implementation of our nonparametric multiscale MRF texture segmeimation/recognition
algorithm
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Fig. 6. Probability maps of Brodatz texture mosaics(a) and (b): ( .1) D3 - Reptile skin; ( .2) D15 -
Straw; ( .3) D57 - Handmade paper; (a.1) (a.2) (a.3) the respective probability maps of (a); ( .4) D17 -
Herringbone weave; ( .5) D84 - Raa; ( .3) D29 - Beac sand; (b.4) (b.5) (b.6) the respective probability
maps of (b).

Probabilit y scale
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Fig. 7. Airb orne SAR image of Cultana.

Fig. 8. Probability map of the treessuperimposed Fig. 9. Probabilit y map of the grasssuperimposed
on to Cultana image. on to Cultana image.



